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Abstract

In this paper we study graceful labelings of some graphs that
result of two different constructions. The first construction produces
chain graphs, i.e., a concatenation of graphs. A chain graph will be
graceful if any graph in the chain, accepts an o-labeling. The second
construction is the corona product; graceful labelings of two families
of corona graphs are obtained. The results presented here, generalize
some former labelings.

1 Introduction

Graph theory terminology and notation are taken from [4]. A labeling f
of a graph G is a one-to-one mapping from the vertex set of G into a set
of integers. For each edge e = uv € E(G), the weight induced by f on e
is the number |f(u) — f(v)|. Let G be a graph of order n and size m, if
f:V(G@) - {0,1,...,m} is a labeling of G, such that the set of weights
induced by f is {1,2,...,m}, f is said a greceful labeling of G, and G is
called a graceful graph. If we replace each vertex label f(v) by m— f(v), then
we have a new graceful labeling of G, called the complementary labeling of f,
and denoted . Note that both labelings induce the same weights. Graceful
labelings were introduced in 1967 by Rosa [11], who also defined an « -
labeling as a graceful labeling f with the additional property, that there
exists an integer A (called the boundary velue of f,) so that for each edge
zy, either f(z) < X < f(y) or f(y) < X < f(z). Two conclusions follows
from the definition: first, A must be the smallest of the two vertex labels
that yield the edge of weight 1, and second, a graph with an a-labeling is
necessarily bipartite.
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More information about this topic may be founded in the last version
of the survey written by Gallian [7].

In 1988, Rosa [12] defined a trianguler snake as a connected graph in
wich all blocks are triangles and the block-cutpoint graph is an snake (or
path). He also conjectured that A,-snake (i.e., a triangular snake with n
blocks) is graceful for n = 0 or 3(mod 4). A natural generalization of that
definition is the following. An mG-snake is a connected graph (with m
blocks) in which all blocks are isomorphic to a graph G (which is supposed
to be a block) and the block-cutpoint graph is an snake. Moreover, instead
of take m copies of graph G, we take m graphs, not necessarily isomorphics,
and connect them in such a way that the block-cutpoint graph is an snake.
The graph so constructed will be a chain graph. In Section 2, we give some
general results about a-labelings of this kind of graphs.

The following contruction of graphs is due to Frucht and Harary [5],
who introduced it in 1970. Given two graphs G and H, the corona (crown)
of G with H, denoted by G ® H, is the graph with

ViGeH)=V(@Q)u |J V(#H),
IEV(G)

EGoH)=E@U (J EUL)U{G,w):iCV(G)andu; € V(H))}.
iEV(G)

In other words, a corona graph is obtained from two graphs, G and H,
taking one copy of G, which is supposed to have order p, and p copies of H,
and then joining by an edge the k'™ vertex of G to every vertex in the k *®
copy of H. In Section 3, we give a graceful labeling of the coronas, where
G is a cycle and H is mK;. We also observe that the corona K, ® K| is
graceful.

2 Graceful labelings of chain graphs

As we said before, if G is a graph that is a block, an mG-snake is a
connected graph in which the m blocks are isomorphic to G and whose
block-cutpoint graph is an snake. When G is any cycle, we said that mG-
snake is a cyclic snoke. The gracefulness of some of these graphs has been
studied. In 1989, Moulton [10] gave graceful labelings of mCs-snakes when
n = 0 or 1(mod 4) , answering the conjecture of Rosa, that has been
mentioned above. Ruiz [13] in 1979 and Gnanajothi [8] in 1991, worked
mCy-snakes, giving graceful labelings of some particular cases. Recently,
the author [3] has gaven a labeling for the general case of these cyclic snakes
and for other ones, where the cycles are Cg or cycles of gize multiple of 4.
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This result, answers in part a conjecture posed by Acharya in 1983 {1} about
the & -gracefulness of d-dimensional polyominoes.

Suppose now, that the graphs B, By, ..., B, are blocks and that for
every i € {1,2,...,m — 1}, B; and B;y, have a vertex in common, in such a
way that the block-cutpoint graph is a path. The graph G obtained of this
concatenation will be called a chain graph . This definition generalize the
concept of mG-snakes. Our next theorem, establish that when every block
B; accepts an « -labeling, it is possible to construct a chain graph, whose
blocks are the B;, that also has an a-labeling. But before that, we will give
the definition of a k-graceful labeling, that was introduced independently in
1982 by Slater [14] and by Maheo and Thuillier {9] , and connect this one
with the a-labelings.

A graph G with ¢ edges is k-graceful if there is a labeling f from V(G)
to {0, 1, ...,q + k — 1} such that the weights induced are k, k+1,...,q+k—1.
The numbering f is called a k -graceful labeling. Any graph that has an
o-labeling is k -graceful for all k. In fact, let G = (X UY, E) be a bipartite
graph with an a-labeling f, then f assigns the integers 0,1, ...,|X | —1 to the
vertices of X, the labels of Y are in the set {|X|, ..., |E|} . In order to obtain
a k-graceful labeling of G, is suffices add to each label of f a non-negative
constant ¢ (= k — 1). Now we present the theorem.

Theorem 1. Let By, Ba,..., By, be blocks such that all of them have an «
-labeling. Then, there exists a chain graph G, with blocks By, Ba, ..., Bm
that accepts an a-labeling.

Proof. Denote by g; the size of B;, by f; the a-labeling of B; and let X;
and Y; the bipartite sets of B;. Without loss of generality, we may assume
that f; assigns the integers 0, 1, ...,|X;| — 1 to the vertices of X;. For every
1 < i € m — 1, identify the vertex of B; with the label | X;| — 1 with the
vertex of B;,, with label 0; the graph so obtained, is a chain graph, denoted
by G. The order of G is 1 —m + Y ;o | Xi| + |Yi], its size is ¢ = > 1", @,
and its bipartite sets are X = |J,_, X; and Y = |Jj-, ;. Note that all the
cut-vertices of G are in X, so [X| =370, | Xs| —m + 1.

Now we shall obtain the a-labeling of G. Denote by g, the sum g;; +
et @m+1forl <i<m-—1andlet g, = 1. Adding the suitable constant
g; — 1, we transform f; into the g;-graceful labeling g;. Then the weights
induced on B; by g; are §;,7; + 1, ...,9; + g; — 1. Therefore, the weights on
G are:

1,2,...,qm,
dm + 17 dm + 2v vrs@m + Am-1,
m—1+dm+ 1L, 0m1+am+2,..,00 + @m-1 + @2,

@+ .- tgmt+ gt .tant2,..,9n+ gm1+ ...+ q,
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ie,1,2,...,q.

Now, in order to have the graceful labeling f, we need to shift, conve-
niently, the labelings just obtained. Add to the labels of B;, for i > 2, the
constant |X;_1|. Then, B;_; and B; has a vertex with label [X;_,[, that
will be the cut-vertex between them. Since the labels on G are in the set
0,1,..., q, the labeling obtained is a graceful labeling f.

The boundary value X of f is obtained on B,, and correspond to the
smallest label on the extrems of the edge with weight 1. Therefore, f is an
a-labeling of G. O

In Figure 1 we show an example of this labeling,.

Figure 1

Let G be a chain graph with m blocks (m > 3). Let u; be the vertex
that connect B; with B;;;, 1< ¢ < m— 1. So, {u1,u2, ..., um—1} is the set
of cut-vertices of G. Let d; = d(u;, u;+1), namely, the distance between u;
and u;41, 1 € i £ m — 2. Therefore, each chain graph G has associated
the string dy,ds, ..., d;—2. When every block is a vertex-transitive graph,
G may be described by its string. The strings of the chain graphs obtained
following the construction of Theorem 1, are conditioned for the distance
between the vertices labeled with 0 and ¢;, on every block B;.

Let G be any chain graph with m blocks By, Bs, ..., Bm, such that B; is
any complete bipartite graph. Then G has an string dy, ds, ..., dp, 2, where
d; € {1,2}. In this case is possible to obtain an a-labeling of G, using the
idea of construction in the previous theorem and the a-labeling of K, ,
gaven by Rosa [11]. In the next lemma, we present that labeling of K, »,
which will be used in the theorem below.
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Lemma 1. The graph K, , has an a-labeling.

Proof. Assume that K, , has bipartite sets M and N, such that |M|=m
and |N| = n. The vertices of M are labeled with the integers 0,1, ...,m — 1.
The vertices of IV are labeled with the numbers m, 2m, ..., nm. The constant
Aism — 1. O

Our next theorem, generalize the graceful labelings of mC4-snakes ob-
tained by the author in [3], where the blocks were isomorphic to K3 2.

Theorem 2. Let By, Bs, ..., By, be complete bipartite graph, Then any chain
graph G, obtained by the concatenation of these blocks, has an a -labeling.

Proof. Let dy,ds,...,dn—_2 the string associated to G. Let B; = Ky, n,
with bipartite sets M; and N; of order m; and n;, respectively. In the
construction of the desired labeling, the sets M; always have the smallest
labels of B;. Without loss of generality, we may assume that the cut-vertex
between B; and Bs belongs to M; and Mo.

The vertices of M, are labeled with the integers 0,1,...,m; — 1 = a4,
and the vertices of N; are labeled with the integers q,q—m;,q—2m;,...,q—
(ny —1)m1 = q1, where ¢ = Zf:__l m;n;.

The vertices of Ms are labeled with the integers a1,a;+1, ...,a1+mo—1 =
as, and the vertices of V3 are labeled with the integers g1 —1,q1 —1—in2,q1 —
1-— 2m2, eyl — 1-— (’I'L2 - 1)m2 =4q2.

When d; = 2, the vertices of M, 2 are labeled with the integers a;t1,
aiv1+1,..,a;41 + miy2 — 1 = a;40, and the vertices of V;» are labeled
with the integers q;41 — 1,Gi+1 — 1 — Miq0,qi1 ~ 1+ 2my49, .., @i — 1 —
(Niv2 — L)miy2 = gito-

When d; = 1, the vertices of M; 5 are labeled with the integers a;+; +1,
ait1 + 1+ 142,041 + 1+ 20409, ., @341 + 1+ (Miy2 — 1)ng42 = aiye, and
the vertices of N;;o are labeled with the integers ¢;41,4i41 — 1, ..., @i+1 —
Niy2 + 1 = giyo.

Note that for every block B; (i > 2), the numbering obtained is a
d-graceful labeling shifted conveniently. For B; the numbering is just a d-
graceful. It can be checked that the entire labeling is graceful and looking
on By, for the edge of weight 1, the value of its smaller extreme corresponds
to the boundary value of the labeling. This conclude the proof. O

In Figure 2, we show an example of this construction.

3 Graceful labelings of corona graphs

An special kind of corona graph is given by C, ® Ky, i.e., a cycle with
pendant points. In 1979 Frucht [6] shown that this corona is graceful.
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39 37 35 33

Figure 2

Following Frucht’s idea, we studied the gracefulness of the corona C),, ®
mK), obtaining that any cycle with m pendant points attached (m > 1) is
graceful. To avoid an excessive number of figures, we represent the labelings
of C,, ®mK) in a rectangular array of n columns and m + 1 rows. The first
row containing the labels of Cp; from the second position of any column,
are the labels of the end-vertices, as can be seen from Figure 3.

0, 22, 3, 19, 7, 16, 10, 13

Cs ®2K; : 23,
24,

12

1, 20, 4, 17, 8, 14, 11
2, 21, 5 18, 9, 15 12

1 2 21 20 4 5

AVARVARVA

7

1m 14 15 9 8 17 18

Figure 3

Theorem 3. The corona C, ® mK is a graceful graph for every positive

integersn > 3 and m > 1.
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Proof. Describe the cycle by the circuit v;,vs,...,vn,v1 and denote by v; ;
the vertices of degree one adjacents to v; (1 <i<mnand1<j<m.) We
distinguish four cases:

(i) When n = 0(mod 4) the labeling f defined below is a graceful labeling
of C, ®mK,.

_f (m+1)k, O0<k<=3"
f(v2k+1)-{ (m+Dk+1, 2<k<n-1

foar) = (m+1)(n—k) +1, ISkSg

and

fogy = [ ADR—f@)—j+1, 1<i<g 1<j<m
)T (m+1)n—fl)—j+2 2+l<i<n l1<j<m
0,13, 5, 9
_) 14, 1,10, 6
Example, C4+ ©3K1: ¢ 15" 5'11. 7
16, 3,12, 8

(ii) When n = 1(mod 4) the labeling f defined below is a graceful num-
bering of C,, ® mK;.

fvag+1) = { gZi 32’_ 1, ?g n—1

_f m+)(n-k)+1, 1<k<2t
f(”z’”)‘{ (m+Dm—k), =E<k<2l
and
(m+1n—flu))—j+1, 1<i<233, 1<j<m
(m+)n— fv) + 1, i=2L1 andj=1
fij)=¢ m+Un—-fw)-j+1, i=21 and2<j<m
(m+1)n—flw)—j-1, i=2H 1<j<m
(m+1)n— f(v;) —J, 23 <i<n, 1<j<m
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0,17, 3,12, 8
18, 1,13, 5, 9
19, 2,14, 6,10
20, 4,15, 7,11

Example, Cs © 3K :

(iii) When n = 2(mod 4),the labeling f defined below is a graceful labeling
of C O) mK 1.

m + 1)k, 0<k<o2 fg#£n2
f(v2k+1)={2m+1;k—1 k;n_ 2 7

[ (m+Dn-k)+1, 1<k<22
f(””“)‘{(mﬂ)(n—k), it k<2
and
(m+n—f(uy)—j+1, 1<i<B=,1<j<m
(m+n— f(v;) +1, i=22 andj=1
f(vi,j)= (m+1)n_f(vl)_.7+17 22%1 dudgfjfﬂ‘l
(m+ln—fw)-j-1, i=3, 1<j<m
(m +1)n — f(vi) - j, 22<i<n, 1<j<m
2
0,21, 3,16, 8,12

22, 1,17, 5,13, 9
23, 2,18, 6,14, 10
24, 4,19, 7,15, 11

Example, Cs ® 3K :

(iv) When n = 3(mod 4), the labeling f defined below is a graceful num-
bering of C,, ® mK;.

_ [ (m+ 1)k, 0<k<?
f(”2’°+1)‘{(m+1)k+1, a3h < k§4

1
fluag) =(m+1)(n -
and
f(’U)= (m+1)n—f(v,)—-j+l, IS'L.SI%,ISJ.E('"L
" (m+1)n—fv)—j+2, 22 <i<n 1<j<m

24




Figure 4

0,9

fo RN B« I

10, 1
11, 2
12, 3

?

?

Example, C3 ® 3K :

Note that for n even, the labeling obtained satisfy the additional con-
dition to be an a-labeling,.

(]

Other corona graph that is graceful is obtained of the wheel W, and K,
W, ® K;. In 1984, Ayel y Favaron [2], present the graceful numberings of
a helm, i.e., a graph obtained from a wheel by adding a pendant vertex on
the rim of the wheel, for n even. That graceful labeling assign to the central
vertex the label 0. If we attached on it an edge and label the new vertex

with the integer 3n + 1, the resulting graph is W, ® K; with a graceful
numbering.

Theorem 4. The corona graph W, ® K is graceful, for every n > 3..

In Figure 4, we show two examples for two cases where n is odd.
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