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ABSTRACT

A difference labeling of a graph G is an assignment of distinct integers to the
vertices of G. If f is a difference labeling of G, the weight of an edge uv e E(G)
is the integer | fu) - £w)|. A labeling f of a graph G is said to be k-equitable if
for each weight h induced by f there are exactly k edges of G that have
weight h. Equitable labelings of graphs are generalizations of the well-known
graceful labelings of graphs and, they were introduced recently by Bloom and
Ruiz. A graph G of size q is said to be equitable if G is k-equitable for each
divisor-k of g, k+# q. Itis known that cycles are equitable. We show that linear
forests are another family of equitable graphs. We prove that forests of even size
are 2-equitable. Let w be a positive integer. For k =3 and k =4, we show
that if F is a forest of size kw and maximum degree A(F) then, F is k-
equitable if and only if A(F) <2w . We discuss the k-equitability of forests for k

25 and characterize all those caterpillars of diameter 2 that are k-equitable, for
all possible value of k.
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1. Introduction and basic results

The terminology and notation are taken from [5]. In general, graphs
considered here have no isolated vertices. A difference labeling of a graph G is
an assignment of distinct integers to the vertices of G. In this paper the term
labeling is used to abbreviate "difference labeling". Assume that f is a labeling of
G. The weight of an edge uv € E(G) is the integer |f(u) - f(v) |. A labeling of a
graph G is called proper if all the labels of the vertices of G are non-negative.
Observe that every labeling f of a graph G can be transformed into a proper
labeling of G that preserves the weights induced by f. Thus, properties that
hold for labelings of graphs can be also stated for proper labelings of graphs.

A labeling f of a graph G is k-equitable if for each weight h induced by
f there are exactly k edges of G that have weight h. In this case, the graph G

is said to be k-equitable. For example, in Figure 1 we show a 2-equitable labeling
of Ky3. Equitable labelings of graphs were introduced by Bloom and Ruiz in [3].
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Figure 1

Suppose that f is a k-equitable labeling of a graph G and let h denote
the weight of an edge of G. Let Si be the subgraph of G induced by the edges
of G that have weight h and assume that u and v are two adjacent vertices of
Sh. Since

|f(u)-f(v) | =h & f(u)=f(v) +h or f(u) =f(v)-h,
degshu <2 and hence, A(Sh)<2. Observe that each component C of S, canbe
embedded in the real line L by corresponding every vertex u € V(C) with that
point of 1. whose coordinate is f(u). Therefore, C is a path and Sp, is a linear
forest. Let W denote the set of the weights induced by f. Then, it follows from
the previous observation that {Splhew is a decomposition of G into linear



e

forests of size k. With the help of this observation, we establish the next two
results.

Lemmal Let G be agraphofsize q>0. Then, G is g-equitable if and only
if G is a linear forest.

Proof =) Since G is g-equitable, there exists an equitable labeling of G in
which all the edges of G have the same weight h. Therefore G =S, whichisa
linear forest.

<) Use consecutive integers to label the vertices of each component of the linear
forest G. O

Let G be a graph of size q and let f be a k-equitable labeling of G that
induces exactly w distinct weights on the edges of G. Then q =kw and, as we
state next, the maximum degree of G is bounded above by 2w.

Lemma 2 (of the degree constraint) Let G be a k-equitable graph of size q.
Then
AG) 2w,
=4
k-

where w

Proof Let f be ak-equitable labeling of G and assume that W is the set of the
weights induced by f on the edges of G. Then, lw| =w =% . For he W, let

Sh denote the subgraph of G induced by the edges of G that have weight h.
Let v e V(G). Since the collection {Shjhew of subgraphs of G is a
decomposition of G into linear forests, degshv <2 and hence, degg v < 2w,

for each vertex v e V(G). 0

Let G be a graph of size q. Then G is said to be equitable if G is k-
equitable for each divisor k of q, k # q. In [11], ]. Wojciechowski proved that
cycles are equitable. (Bloom and Ruiz had mentioned this property in [3], and C.
Barrientos gave a proof of this fact in [1].) In the following section we present
another family of equitable graphs.



2. Linear forests are equitable

Suppose that G is a graph of size q and let f be a labeling of G. If the
set of the labels of G is a subsét of {0,1,2,..,q} and the set of the weights is
{1,2,..,q} then, the labeling f is called graceful and G is said to be a graceful
graph. Graceful labelings of graphs have been studied extensively since they
were introduced by Rosa [9] and Golomb [7]. To this respect, it is still unknown
whether all trees are graceful. (See the related surveys [2], [4], and [6].)

Let G bea graph of size q and suppose that f is a k-equitable labeling of
G that induces exactly w distinct weights. If the set of the w different weights
induced by f is {1,2,..,w} then, f is said to be complete. Thus, each graceful
labeling of a graph G is a complete 1-equitable labeling of G. In Figure 2 we
give a complete 1-equitable labeling of the nongraceful graph K; U Kj3. This
shows that not every complete 1-equitable labeling of a graph G is a graceful
labeling.

Figure 2

A labeling of a graph G is said to be optimal if the labels of the vertices of
G are consecutive integers. (Note that the equitable labeling of K; 3 shown in
Figure 1 is optimal.) Thus, if T is a tree then, T is graceful if and only if there
exists an optimal complete 1-equitable labeling of T.

It is well-known that paths are graceful graphs. (See [9].) For example, if
P:vg vy .., V, isapath of size n then, the labelings ';g, and ‘y,l. defined below
are two graceful labelings of P. These labelings are called the canonical graceful
labelings of the paths.

g
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0 . . _|n-1
Yn(v2i+1)=l OSISI_ 2 J
n-1
Y(I)I(VZi)=n_i 0 <is< rT
1 0 .
TalV;) =n-"n(v) 0 <j< n.

In Figure 3, we show the labelings yg and y}l for n=4 and n=>5.

0 0
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Figure 3

The existence of the graceful labeling 'y(r)l implies the existence of an

optimal complete 1-equitable labeling of the path Ppn+1. A generalization of this
result is now presented.

Theorem 3 For each positive integer n>1 and for each divisor k of n there
exists an optimal complete k-equitable labeling of the path Pp41.
Proof Since the result is clear for k=1 and k =n, we may assume 1<k <n.

n
Let w =1 . We use a recursive definition to describe a complete k-equitable

labeling f of the path P:vg, vy, .., v,
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Casel: w=0 (mod2).
f(vi)= Y?N(Vi) if 0<isw,

f(v)=2w—f(vow + 11 if w+l<ig2w,
and, when k> 2,

fvi)=w + f(Vvorw + 1 - 1) if tw+1<i<(t+ Dw,
where 2<t<k-1.

Case2: w=1 (mod 2).
(v1) = Twlvi) if 0<isw,
fvi)=2w+ 1 -f(vow +1-1) if w+1<i<2w,
and, when k> 2,

fvi) =w + f(vorw + 1 - 1) if tw+l<ig(t+ 1w,
where 2<t<k-1.
0

In Figure 4, and for k = 3 and k = 4, we show a k-equitable labeling of a

path P of size 12. These labelings are examples of the labeling f defined in the
proof of Theorem 3. Note that in each of the graphs of Figure 4, the vertices vy,

vy, -, Vy, of P have been placed forming a row. The remaining vertices of P
are drawn below forming k-1 rows, each containing the vertices v, .5, Viy13/
v V(gD we1r 1<t<k-1, respectively. In these drawings of P we may also
observe that the k-labeling f repeats, level by level, the pattern of labels that the
canonical graceful labelings 'yg and 'yll1 present.



Figure 4

From Theorem 3, it follows that paths are optimal equitable graphs. This
result can be partially extended to linear forests, as we show next.-

Corollary 4 Let F be a linear forest of size q and suppose that k divides q.
Then, there exists a complete k-equitable labeling of F.

m
Proof  Suppose that F = () Py, is a linear forest of size q which is
1
i=1
. . L . ¢ (! )
isomorphic to the (disjoint) union of m paths Pqi #1:VQ Vi e s Vaur
m
1<i<m. (So, q= Zqi.) We may assume that q; >0, foreach i=1,2,...,t. Let
i=1
k be a divisor of q. First, we find a proper complete k-equitable labeling f of
the path P: vj, vy, ..., V- Let M = max {f(vi)| i=0,1,..,q}. Weuse f to
define a complete k-equitable labeling g of F.



£(v)) 0<j<q1 and i=1,
g(v)) =
f(Vg s quo g+ ) +FE-1DM+1) 0<j<qj and 2<i<m. 0

In Figure 5, we use the construction given in the proof of Corollary 4 to
find a complete 3-equitable labeling g of a forest F =P3 UPy UPy.

2 0 1 8 10 17 18 20 19
1+7) (3+7) (3+14) (4+14) (6+14) (5+14)

Figure 5

The existence of an optimal complete k-equitable labeling of a graph G is
also related to the so-called Skolem-graceful graphs introduced by Lee and Shee
in [8].

A graph G of order p and size q is said to be Skolem-graceful if there
exists a labeling f of G such that f(V(G))=(1,2,...,p} and the set of weights
induced by f on the edgesof G is {1,2,...,q}.

Note that a graph G is a Skolem-graceful graph if and only if there exists
an optimal complete 1-equitable labeling of G. Using a result from Skolem [10],
it follows that the graph nP, is Skolem graceful if and only if n=0 or



n =0 (mod 4). We now state the existence of an optimal k-equitable labeling of
the graph nP;, for each divisor k of n.

Theorem 5 Let G=nP, and suppose that k is a divisor of the size n of G.
Then, there exists an optimal k-equitable labeling of G.

In Figure 6 we show an optimal 3-equitable labeling of the graph 12 P,.
This example may also suggest a procedure to obtain such a labeling, in the
general case stated in Theorem 5.

00—07 80—0 15 16 O—O 23
10—06 90—0O1un 170—0 2
20—05‘100—013 18 O0—0O 21
30— 4 1 0O0—0 12 1YvYO—O0O 20

Figure 6

3. The k-equitability of forests, for k=2, 3, and 4.

In [3], Bloom and Ruiz proved that all graphs are 1-equitable. They also
proved that the complete graph Kp, p 22, is not k-equitable for each k>1. We
may obtain this last result, observing that if f is a k-equitable labeling of a
complete graph G then, the weight of the edge joining the vertex with the
maximum label and the vertex with the minimum label is unique, which implies
that k=1.

The smallest graph of even size that is not 2-equitable is Kj. In this
section we prove that each forest of even size is 2-equitable. Moreover, for k =3
and for k =4, we give necessary and sufficient conditions for the k-equitability
of a forest whose size is divisible by k.

Let F be a forest. A subset R#@ of edges of F is called a linear connector
of F if for each component T of F the edges of RN E(T) lie in a single path.

The next lemma plays a main role in the proofs of the results of this
section.
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m
Lemma6 Let R be a linear connector of a forest F =\ )T;. Suppose that f is

i=1

a proper labeling of F—R. Then, there exists a labeling g of F such that:
(i) g preserves the weights induced by f on the edges of F-R and,

(ii) g assigns to each of the edges of R the same weight h, where h is none
of the weights induced by f.

Proof Without loss of generality, we may assume that for some r, 1<r<m,
t; =|E(Ti)nR| >0 if 1<i<r and,whenr<m, E(T)NnR=@ if r<i<m.

: @ o 0 . .
For i=1,2,..,r Ilet e = Va1 Vy 1 <j<t, bethe edges in
E(T;) N R. Since the edges e(ll), e(zl), e et:) lie in a single path of T;, it follows
that the vertices vgj) and vg]) +1 belong to the same component of F -R, for all
j=1,2,..,t;—1. (We remark that it may be possible that vgj) = vgj)ﬂ, for some
i, 1<i<r, and for some j, 1<j<t;-1.)

Let Cg) be the component of F-R that contains the vertex vgl), 1<i<r, and
denote the component of F - R that contains the vertex v(zlj) by le‘), i=12,..,
t; In Figure 7, we depict the component T; of F and the components an) of

F-R obtained from F by the deletion of the edges of E(T;) " R.

Figure 7
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Let M = max {f(x)| x € V(F)}. As a matter of convenience, we define
(l)) =f(v (211) 1)- f(v ), for 1<j<t; and 1<i<r. Assume that x is a vertex of
the forest F. Now, we proceed to define the labeling g.

Case 1: x € V(T;) forsome i>r. In this case, define g(x) = f(x).

Case 2: x € V(T;) forsome i, 1 <i<T. Inorder to define g, let

i-1 t,

b(C) = ZZb(e(”) + Zb(e“’), and

z=1y=1 y=1

d(C(”) = Zt + ],
z=1 |
foreach i, 1<i<r and for each j, 0<j<t,
(In the definitions given above, take sums equal to 0 if the upper hm1t of the
sum is less than the correspondmg lower limit.)

Note that

b(C") -b(Cy) =ble”) and d(c{)-d(c) =1, 1)
for each 1<1<r, 1<j<t;; and

b(Cy) =b(cs™) and dicy) =d(ch™), @

foreach 1<i<r-1.
Suppose that x € V(Cj(l) ) forsome j, 0<j<t. In this second case, we
define the labeling g as follows.

g0 =£0) +b(C}") + 2M d(C}").

The next three observations allow us to prove that g is one-to-one.

(i) Forgiven i and j, 1<i<r, 1<j<t;, and for each vertex x € V(Cj(i))

we have that g(x) =f(x) + ¢, where c is a constant.

(i) For a given i, 1<i<r -1, and for each vertex x e V(C(tl)) U
1

V( C(1+1)

follows directly from (2).)

), we have that g(x) =f(x) + ¢', where ¢' is a constant. (This
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(ii) For given i and j, 1<i<r, 1<j<t;, let x; leV(C] 1) and x; e
V(). Then,
g0)) > 80%1)

To see this, we use (1) to obtain
80¢)) ~ 80x;1) = (E0) — Fx; 1)) + ble )+ 2M

= (£04)) ~ () + (f(sz_l) f(V )) +2M. @)

Now we show that g(x,) > g(xJ 1)- Since X € V(C 1) and v()

V(C ), it follows that x. 1% ‘g In a similar manner we obtain that

X ¢V§j)—1' From equation (3) and since f is a proper labeling of G, it

follows that if x; 1“’2—1 or ;= (2]) then g(xj) g(x] )2M. Thus,

we may assume that X;_ 1’"&1) 1 and X; #vg) Since |f(u) f(v)l =

M for at most two vertices u, v of F, we conclude that
g0) - 8lxj ) 2 1.

Observation (i) also shows that g preserves the weights induced by f on
the edges of F-R.

We now prove that g assigns the same weight 2M to each edge of R.
Let e € R. Then for some i, 1<i<r, and for some s, 1 SS < t;, we have that

e=e(l)— (213_1 (23 Note that v()e V(C ) and v. ® 251 € V(C ) Thus, using (1)

S
we obtain that the welght induced by g onthe edge e is

(@)

lgvi) - gvi) )| =
vy + bc®) + 2m d(C“’» ¢ ) +bc®+2macc®y | =
| o) -bcd) -be) +2m @) -acdp =2m o

A Kk-linear connector of a forest F is a linear connector of F that has
cardinality k. Note thatif F has a component whose diameter is d, then F has
a k-linear connector for each k<d.

We next prove that every forest of even size is 2-equitable.
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Theorem 7 Every forest of even size is 2-equitable.

Proof Let F be a forest of size 2n, n > 1. The proof is by induction on n. If
n =1 then, F is a linear forest of size 2 and, by Lemma 1, F is 2-equitable.
Assume that each forest of size 2n is 2-equitable. Observe that each forest of
size at least 2 has a 2-linear connector. Let R be a 2-linear connector of a forest
G of size 2(n +1). Then, by inductive hypothesis, G -R is 2-equitable and, by
an application of Lemma 6, it follows that G is 2-equitable. 0

Let T be a tree of order at least 3 and, suppose that the deletion of all the
end-vertices of T transforms T into a path P. Then, the tree T is called a
caterpillar and the path P is called the spine of T. Let P: vy, v2, ..., vn be the
spine of the caterpillar T and, for i=1,2,...,n, let dj denote the number of
end-vertices of T adjacent to v;. Since the numbers dj,dy, .., dn characterize
T, wealso denote T by Sq,, d,. -, d,- In particular,if n=1 the ca_lterpillar Sq,
is isomorphic to the star K1,q, and, if n =2 the caterpillar Sdq, d, is called a
double star. .

We now show that, for k=3 and k =4, the degree constraint given in
Lemma 2 is a sufficient condition for the k-equitability of a forest whose size is
divisible by k.

Theorem 8 For k=3 and for k=4, let F be a forest of size q=kw. Then,
the forest F is k-equitable if and only if A(F) <2w.

Proof =) The necessity follows from Lemma 2.
<) Let F be a forest of size kw such that A(F) < 2w. We use induction on w
to prove that F is k-equitable.

Suppose that w =1. Then F is a linear forest of size k. By Lemma 1, F
is k-equitable. Assume that every forest F of size kw, w21, for which A(F)<
2w is k-equitable. Let G be a forest of size q =k(w + 1) such that A(G) <2(w +
1). To show that G is k-equitable it is convenient to divide the rest of the proof
into two cases.

Case 1: k=3. Since G has size at least 6, it follows that in G there are at most

2
two vertices of degree at least ?q_ 1 and, at most one of these two vertices may
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2
have degree equal to gq“ Now, we proceed to choose a convenient 3-linear

connector R of G. We consider three subcases.

Subcase 1.1: There exist two distinct vertices u, v in G that have degree at least

)

3 —1. Assume that degu2 degv. If u and v belong to the same component,
let u, vy, vy, .., vy =V bea u-v pathin G, and let e; = uvy. We choose R =
{e1, ey, e3}, where e, and ej are two edges different from e that are incident

with u and v, respectively. If u and v belong to distinct components of G
thenlet R = {e;, 5, e3}, where e; and e, are two distinct edges incident with u

and e; is an edge incident with v.

2 11

Subcase 1.2: There exists exactly one vertex u in G with degree at least

there is a path P of length 3 in G that contains u as one of its central vertices

then, take R = E(P). Otherwise, the component C of u is a star of size at most
% and G must have another component C' with positive size. Let e € E(C')

and let P be a path of length 2 in C. Then, we choose R =E(P) U (e}.

Subcase 1.3: A(G) < % — 2. It is straightforward to see that G has a 3-linear

connector. In this subcase we choose any 3-linear connector R of G.

Observe that in each of these three subcases the forest F = G -R has size

2
kw and A(F) <3 -

equitable. By an application of Lemma 6 we obtain that G is 3-equitable.

2 = 2w. Therefore, by inductive hypothesis, F is 3-

Case 2: k = 4. First, we observe that if G has more than two vertices of degree at

least %— 1, then q =8 and G is isomorphic to one of the seven forests of Figure

8. It is straightforward to see that these forests are 4-equitable. Therefore, we

g

may assume that G has at most two vertices of degree at least 5~ 1. We now

proceed to choose a 4-linear connector R of G. Again, we consider three
subcases.
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Subcase 2.1: There exist two distinct vertices u, v in G that have degree at least g‘— 1.

Assume that u and v belong to the same component C of G. If there is a path
P of length 4 that contains u and v as internal vertices then, choose R = E(P).
Otherwise, the component C is isomorphic to a double star of size at most q-1
and G must have another component C' with positive size. Let e € E(C') and
let P be a path of length 3 in C. Then, we choose R = E(P) L {e}.

If u and v belong to distinct components of G then, let Py and Py be two
paths of length 2 that have u and v as their corresponding central vertices.
We choose R =E(Py) UE(PPy). '



16

Fl: FZ:
F3 F4Z
FS:

Sim}

Figure 8

Subcase 2.2: There exists exactly one vertex u in G with degree at least %— 1.

Assume that there is a path P of length 4 in G that contains u as one of its
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internal vertices. Then, we choose R = E(P). Otherwise, the component C of u
is a tree of size at most q-3 and we can easily find in G a 4-linear connector R
that contains two edges incident with u.

Subcase 2.3: A(G) < -g-—- 2. It is straightforward to see that G has a 4-linear

connector. In this subcase we choose any 4-linear connector R of G.

Similarly to Case 1, we observe that in each of these three subcases the
forest F =G —-R has size kw and A(F) < Cz_l_ 2 = 2w. Therefore, by inductive

hypothesis, F is 4-equitable. By an application of Lemma 6 we obtain that G is
4-equitable. 1]

Corollary 9 For k=3 and k=4, let F be a forest of size q =kw. Then,
F canbe decomposed into w linear forests of size k if and only if A(F)<2w.

Two observations related to Lemma 6 now follow.
Lemma 6 may be used to prove the k-equitability of certain classes of
graphs. For example, we can construct a tree T from m+ 1 paths Pn;, 1<i<

m, m 21, by choosing vertices u(ni)e V(Pny) and v(ni+1)e V(Pn,,;), foreach i

=1,2, .., m, which are then correspondingly joined by the edges u(ni) v(ni”).

We call the tree T a fence of width m. (In Figure 9, we show a fence whose
width is 5.) From Lemma 6 and Corollary 4, we obtain the following result.

Theorem 10 Let T be a fence of width k whose size is divisible by k. Then,
T is k-equitable.

Note that the fence shown in Figure 9 is 5-equitable. Theorem 10 also
shows the existence of k-equitable trees that are not isomorphic to paths, for each
positive integer k.

Lemma 6 can be generalized to an arbitrary graph G, extending the
definition of a linear connector R to a set of bridges of G such that, for each
component C of G, the edges of R N E(C) lie in a single path.
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Figure 9

4. On the k-equitability of caterpillars, k = 5.

For k 25, the degree constraint given in Lemma 2 is not a sufficient
condition to assure the k-equitability of a forest whose size is divisible by k. For
example, the caterpillar T of size 10 shown in Figure 10 is not 5-equitable (see
Lemma 11); nevertheless, T satisfies the degree constraint A(T) <2w =4.

T:

@)

O

Figure 10

Let f be a k-equitable labeling of a graph G. We already know that the
subgraph Sp induced by the edges of G with weight h is a linear forest. For
each edge e € E(G), define q(e) as the cardinality of a largest set of edges of G

that induces a linear forest that contains e. Then,

k< mi .
ef:\}zr(lc){qy,(e)}
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In particular, if T is a caterpillar whose spine has order n =2 then q;(e) <
2n -1, for each edge e that belongs to the spine of T. Thus, in this case, we
obtain
k<2n-1.
With respect to this last inequality, Joseph McCanna observed (personal
communication to one of us) thatif n23 then k<2n-1.
We state these results on caterpillars in the following lemma.

Lemmall Let T be a k-equitable caterpillar whose spine has order n 2 2.
Then,

3 if n=2
k<
2n-2 if n23.

Proof We only have to prove that if n>3 then, k#2n-1. Let f beak-
equitable labeling of T and let n>3. Suppose, to the contrary, that k =2n - 1.
Since n 23, there are two adjacent edges e; and e, in the spine of T whose

induced weights are different. For i=1,2, let e; = v; v;,; and denote the
weight of the edge e; by a;. Since k =2n-1, it follows that for i=1,2 the
linear forest induced by the edges that have weight a; is isomorphicto (n-2)P;
U P, where e; is the central edge of the component isomorphic to P,. The
subgraph H of T induced by the edges of weight a; or a, incident with some
of the vertices v;, v 9» Of, V4 is shown in Figure 10 (a). It is now straightforward
to see that the distribution of weights shown in Figure 1) (a) forces the labels of
two distinct vertices of H to be equal, which is a contradiction. (See the two
basic cases in Figures 11 (b) and (c).) 0
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a1+a2

a1+a2 al—-az 2&1"32 2&1+282 a1+a2 al—az 2&1+&2 2&1—232

(b) - (0)
Figure 11

Let W be the set of the weights induced by a k-equitable graph G and let
Sh be the subgraph of G induced by the edges of G that have weight h. Then,
the collection of subgraphs {Sh | h € W} is a decomposition of G into linear
forests of size k, called a common weight decomposition of G (see [3]). Thus, each
k-equitable labeling of G determines a decomposition of G into linear forests
of equal size. The caterpillar T in Figure 9 shows that the existence of such a
decomposition of G does not guarantee the existence of a corresponding k-
equitable labeling of G.
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With respect to decompositions of caterpillars into linear forests of equal
size, we believe that the following conjecture is true.

Conjecture Let T be a caterpillar of size kw. Then, T has a decomposition
into w linear forests of size k if and only if A(G)<2w.

5. Equitable labelings of caterpillars

In this section we show the existence of some optimal and complete k-
equitable labelings of caterpillars.

Theorem 12 Let T be a caterpillar of even size q. Then, there exists an
optimal complete 2-equitable labeling f of T.

Proof The construction of f is a generalization of the well-known construction
given by Rosa in [9] to prove that caterpillars are graceful. First, we find two

connected edge-disjoint subgraphs T, and T, of T, each having size % Let v

be the unique common vertex of T; and T,. Note that for i=1,2, the vertex v
is an end-vertex of the spine of T; or v is adjacent to such a vertex. In any case,
using Rosa's construction, we may find a graceful labeling f; of T;, i=1,2, for

which f,(v) =’C21— and f,(v) =0. We define the labeling f of T as follows.

£,(x) if x e V(T))
f(x)=
£,(x) + % if xeV(T,). 0

Following the procedure given in the proof of Theorem 12, in Figure 12 we
show some steps in the construction of an optimal complete 2-equitable labeling
f of a caterpillar T of even size.



T: T . f:
2 fy: 4 2
3 11
5 13
2 10
6 1 14 9
7 15
8 16
\4 \A \4
0 8
0 7
Tq1: v [4 1 v
8 1
0 7 2 6
1 3
2 6 4 5
3
4 5
Figure 12

Let T be a k-equitable caterpillar. If the spine of T has order 1 (thatis,
if T= Kl,n' n 2 2) then, by Lemma 2, k<2 and, for these two possible values of
k, there exist k-equitable labelings of T that are optimal and complete. (See
Theorem 12.)

If the spine of a k-equitable caterpillar T has order 2 (thatis, if T isa
double star) then, by Lemma 10, k < 3. For k =2, again Theorem 12 assures
the existence of an optimal complete 2-equitable labeling of T. If k =3, itis not
true in general that T has a complete 3-equitable labeling. In Figure 13 we show
the smallest 3-equitable double star that does not possess a complete 3-equitable
labeling,

. L
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Figure 13

The following lemma will be used to describe a 3-equitable labeling of
each 3-equitable double star.

Lemma 13 Let q be the size of the double star Sy, n, 1 <m <n, and assume
that 3 divides q. Then, Sm,n is 3-equitable if and only if there exists an integer

S, 055332_3, such that m=%+s and n=23ﬂ—s-1.

Proof Let C =Sm, n. Denote the vertices of the spine of C by u and v,
where degu=m+1 and degv=n+1.

=) Suppose that C is 3-equitable. Let D be a common weight decomposition
of C induced by a 3-equitable labeling of C. Observe that the graph D of D
that contains the unique edge of the spine of C must be isbmorphic to P4. On
the other hand, each of the graphs in D - {D} is isomorpic to P2 UP3. Note that
foreach H € D - {D}, the vertex of degree 2 of H iseither u or v. Assume
that there are exactly s graphs in D — (D} for which u is the vertex of degree 2,
and suppose that there are exactly t graphsin D - {D} for which v is the vertex
of degree 2. Then,

m=2s+t+1 and n=s+2t+1. 4)
Since the number of graphs of D is %, we have
%=s+t+1. (5)

Combining (4) and (5) we obtain

q 2q

m=z+s and n= 3 -s-1,

and from m <n, we deducethat’0_<_ssﬂ%3_.

<) Clearly, C satisfies the degree constraint. Therefore, by Theorem 7, C is 3-
equitable. 0
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Let q be the size of a 3-equitable double star C =Sm, n, 1Sm<n. By

Lemma 13, there exists an integer s, 0<s 3%3 , such that m = % +s and n=

3

= s — 1. In Figure 14, where deg u = m and deg v = n, we describe a 3-

2
equitable labeling of C whose weights constitute the set {1, 3, ..., d_ 1}. (When

s = 0, the bold vertices and their incident edges should be omitted from this

figure.)

2q/3-3
2q/3+1

4q/3-2s+1
4q/3-2s5+3
4q/3-3

4q/3-1

u v
) @

2q/3 2q/3-1

Figure 14

0

2
4

2q/3-4-
2q/3-2

2q/3+2

2q/3+4

4q/3-2s—4

4q/3-2s-2

Using Lemma 13, we easily obtain the following characterization.

Theorem 14  Assume that 3 divides the size q of the double star Sm, n,
5 cquiabef and nly it $ s [ 452
1<m<n. Then, Sm, n 1s3-eqmtable1fandonly1f3Sms 7 -

In particular, we know of an infinite family of double stars that possesses
optimal complete 3-equitable labelings.
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Theorem 15 Let m > 1. Then, there exists an optimal complete 3-equitable
labeling of the double star S

m,2m-1*

Proof Let C= Sm, om-1- The result is clear if m = 1. Let m22. Itis

straightforward to see that the labeling of C given in Figure 15 satisfies the
required conditions. (In Figure 15, degu=m +1 and degv =2m.) 0

2Zm+1

2m +2

3m-1 m+1

3m m+2

2Zm -2

2Zm -1

Figure 15
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